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ABSTRACT
In this paper, we give a new completion for quasi-uniform spaces which generalizes the completion
theories of Doitchinov [8] and Stoltenberg [20]. The presented completion theory is very well-
behaved and extends the completion theory of uniform spaces in a natural way. That is, the definition
of Cauchy net and the constructed completion coincide with the classical in the case of uniform
spaces. The main contribution this completion theory makes is the notion of the cut of nets which
generalize the idea of Doitchinov for the notion ofD-Cauchy net [1]
Keywords Quasi-metric · Quasi-uniformity · Dedekind-MacNeille completion · Cauchy net · Embedding, Complete-
ness
1 Introduction
The problems of completeness and completion in quasi-uniform spaces were mainly considered in [1], [3], [4], [6], [8],
[9], [18], [19], [20]. A satisfactory extension of the completion theory of uniform spaces to arbitrary quasi-uniform
spaces first naturally leads to Császár’s double completeness developed in the realm of syntopogenous spaces [6].
In this direction, Fletcher and Lindgren have introduced in [9] the notion of bicompleteness, and they prove that
any quasi-uniform space has a bicompletion, called standard bicompletion. It turns out that this concept coincides
(for quasi-uniform spaces) with that of double completeness. Since the idea underlying the bicompletion is basically
symmetric, various authors have tried to construct other, possibly non-symmetric completions as it has naturally arisen
from the asymmetric character of quasi-uniform spaces. By definition, the notion of completeness of a quasi-uniform
space as well as the construction of the completion depends on the choice of the definition of Cauchy net or Cauchy
filter (often nets and filters lead to equivalent theories). The reason for the difficulty to develop a satisfactory non-
symmetric completion theory for the class of all quasi-uniform spaces is due to the struggle to approach the notion of
Cauchy net (filter) properly from the case of uniform spaces to the case of quasi-uniform spaces. More precisely, since
uniform spaces belong to the class of quasi-uniform spaces, according to Doitchinov [8], a notion of Cauchy net in
any quasi-uniform space has to be defined in such a manner that this definition provides the properties that convergent
nets are Cauchy, and it agrees with the usual definition for uniform spaces. Moreover, the suggested completion must
be a monotone operator with respect to inclusion and give rise to the usual uniform completion in the uniform case.
The problem of defining Cauchy nets or filters in quasi-uniform spaces has been approached by several authors. The
problem of defining Cauchy nets or filters in quasi-uniform spaces has been initially approached by Császár [6], Sieber
and Pervin [19] and Stoltenberg [20]. Császár [6] introduced the notion of Cauchy filter in quasi-uniform spaces and
proved that every syntopogenic space can be embedded in complete space. As it concerns Csaszar’s definition of
cauchyness. Isbell [12] noted that the convergent nets were not necessarily Cauchy. Stoltenberg in [20] also gave a
definition of Cauchy net in quasi-uniform spaces which generalize the definition of Kelly [13] for Cauchy sequences
in quasi-metric spaces. According to Stoltenberg’s definition, one can find a Cauchy sequence (net) that is very
inconvenient to regard this sequence as a potentially convergent one by completing the space (see [7, Example 3], [11].
∗Associate professor (https://www.ceid.upatras.gr/webpages/faculty/aandriko/)
A PREPRINT - WEDNESDAY 2ND SEPTEMBER, 2020
Sieber and Pervin [19] gave a definition of Cauchy filter in a quasi- uniform space (X,U) which admits an equivalent
definition for nets: A net (xa)a∈A is Cauchy in (X,U) whenever given U ∈ U there is a point xU ∈ X and a0 ∈ A
such that (x
U
, xa) ∈ U for all a ≥ a0 , a ∈ A. The definition of Sieber-Pervin has been used by many authors
and is usually accepted as the most appropriate way of generalizing the notion of Cauchy net in uniform spaces.
According to Doitchinov, the definition of Sieber-Pervin has a serious flaw. Namely, the sequences (nets) depends
not only on its terms but also on some other points which need not belong to it [7, Example 2]. There are various
generalizations to the notion of Cauchy sequence (net) which are based on the definitions of Császár, Stoltenberg
and Sieber and Pervin, but, up to now, none of these generalizations can give a satisfying completion theory for all
quasi-uniform spaces. Thus, there exist many different notions of quasi-uniform completeness in the literature. More
precisely, this problem has been studied in [17], where 7 different notions of “Cauchy sequences (nets)”are presented.
By combining the 7 “Cauchy sequences (nets)”with the topologies τ
U
, and τ
U−1
, we may reach a total of 14 different
definitions of “complete space”(considering the symmetry of using the U−1 instead of U). Doitchinov [8] developed
an interesting completion theory for quiet quasi-metric spaces. What is interesting in Doitchinov’s work is that he has
considered a quasi-uniform space as a bitopological space and introduced the concept of conet of a net. Künzi and
Kivuvu have extended the completion theory of Doitchinov of quasi-pseudometric (quasi-uniform) spaces to arbitrary
spaces, denoted B-completion. Andrikopoulos [2] has introduced a new technique, inspired by Dedekind-MacNeille
completion of rational numbers.
In this paper, we give a completion theory based on Stoltenberg’s one which generalizes Doitchinov’s completion
theory and it satisfies all requirements posed by him for a good completion. The technique stands on the construction
of a cut of nets, using Doitchinov’s concept of Cauchy pair of nets. In fact, by Proposition 4.1, to each D-Cauchy
net it corresponds a set of pairs of nets-conets which lead to the notion of cut of nets, that is, a pair (C,D) where C
contains all equivalent nets of the given net and D contains all the conets of the members of C. The notion of U-cut
defined in this paper is a cut of nets (A,B) where the members of A contains right U
S
-Cauchy nets and B contains
left U
S
-Cauchy nets as they are defined by Stoltenberg. We call the space U-complete if each member of the first class
of a U-cut converges and we prove that each quasi-uniform space has a U-completion. The new completion eliminates
the weaknesses of Stoltenberg’s completion.
2 Notations and definitions
Let us recall some main notions, basic concepts, definitions and results needed in the paper (see [15], [21]). A quasi-
pseudometric space (X, d) is a set X together with a non-negative real-valued function d : X ×X −→ R (called a
quasi-pseudometric) such that, for every x, y, z ∈ X : (i) d(x, x) = 0; (ii) d(x, y) ≤ d(x, z) + d(z, y). If d satisfies
the additional condition (iii) d(x, y) = 0 implies x = y, then d is called a quasi-metric onX . A quasi-pseudometric is
a pseudometric provided d(x, y) = d(y, x). The conjugate of a quasi-pseudometric d onX is the quasi-pseudometric
d−1 given by d−1(x, y) = d(y, x). By d∗ we denote the pseudometric given by d∗ = max{d(x, y), d−1(x, y)}. Each
quasi-pseudometric d on X induces a topology τd on X which has as a base the family of d-balls {Bd(x, r) : x ∈
X, r > 0}whereB
d
(x, r) = {y ∈ X : d(x, y) < r}. A quasi-pseudometric space is T
0
if its associated topology τd is
T
0
. In that case axiom (i) and the T
0
-condition can be replaced by (i′) ∀x, y ∈ X , d(x, y) = d(y, x) = 0⇔ x = y. In
this case we say that d is a T
0
-quasi-pseudometric. If P is a family of quasi-pseudometrics on the set X , we say that
P is a quasi-gauge. The topology τ(P) which has as a subbase the family of all balls B(x, p, ǫ) with p ∈ P , x ∈ X
and ǫ > 0 is called the topology induced onX by the quasi-gaugeP (see [16]).
A quasi-uniformity on a non-empty set X is a filter U on X ×X which satisfies: (i) ∆(X) = {(x, x)|x ∈ X} ⊆ U
for each U ∈ U and (ii) given U ∈ U there exists V ∈ U such that V ◦ V ⊆ U . The elements of the filter U are called
entourages. If U is a quasi-uniformity on a set X , then U−1 = {U−1|U ∈ U} is also a quasi-uniformity on X called
the conjugate of U . A uniformity for X is a quasi-uniformity which also satisfies the additional axiom: (iii) For all
U ∈ U we have U−1 ∈ U (U = U−1). The pair (X,U) is called a (quasi-)uniform space. Given a quasi-uniformity
U on X , U⋆ = U
∨
U−1 will denote the coarsest uniformity on X which is finer than U . If U ∈ U , the entourage
U ∩ U−1 of U⋆ will be denoted by U⋆. A family B is a base for a quasi-uniformity U if and only if for each U ∈ U
there exists B ∈ B such that B ⊆ U . The family B is subbase for U if the family of finite intersections of members of
B form a base for U . Every quasi-uniformity U onX generates a topology τ(U). A neighborhood base for each point
x ∈ X is given by {U(x)|U ∈ U} where U(x) = {y ∈ X |(x, y) ∈ U}.
If (X, d) is a quasi-pseudometric space then B = {U
d,ǫ
|ǫ > 0}, where U
d,ǫ
= {(x, y) ∈ X ×X |d(x, y) < ǫ}, is a
base for a quasi-uniformity U
d
forX such that τ
d
= τ(U
d
). For each quasi-uniformity U possessing a countable base
there is a quasi-pseudometric d
U
such that τ(U) = τ
d
U
.
A function f from a quasi-uniform space (X,U) to a quasi-uniform space (X,V) is quasi-uniformly continuous if for
each V ∈ V there is U ∈ U such that (f(x), f(y)) ∈ V whenever (x, y) ∈ U i.e. the set {(x, y)|(f(x), f(y)) ∈ V} ∈
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U . The function f is a quasi-uniform isomorphism if and only if f is one-to-one onto Y and f−1 is quasi-uniformly
continuous. A quasi-uniform space (X,U) can be embedded in a quasi-uniform space (X,V) when there exists a
quasi-uniform isomorphism from (X,U) onto a subspace of (Y,V). A sequence (x
n
)
n∈N
in a quasi-pseudometric
space (X, d) is called d
K
-Cauchy (from Kelly [13, Definition 2.10]) if for each ǫ > 0 there is k ∈ N such that
d(x
n
, x
m
) < ǫ for each n ≥ m ≥ k. This is the notion of Cauchy sequence called in [17, Definition 1.iv] a right
K-Cauchy sequence. Similarly, a sequence (x
n
)
n∈N
is left K-Cauchy if for each ǫ > 0 there is k ∈ N such that
d(x
m
, x
n
) < ǫ for each n ≥ m ≥ k (see [17, Definition 1.v]). The space (X, d) is said to be right (resp. left)
K-sequentially complete if each right (resp. left) K-Cauchy sequence converges inX . According to ([2, Definition 3])
a sequence (x
n
)
n∈N
on X is right (resp. left) d-cofinal to a sequence (x
m
)
m∈N
on X , if for each ε > 0 there exists
n
ε
∈ N satisfying the following property: for each n ≥ n
ε
there exists m
n
∈ N such that d(x
m
, x
n
) < ε (resp.
d(x
n
, x
m
) < ε) wheneverm ≥ m
n
. The sequences (x
n
)
n∈N
and (x
m
)
m∈N
are right (resp. left) d-cofinal if (x
n
)
n∈N
is right (resp. left) d-cofinal to (x
m
)
m∈N
and vice versa. According to([8, Definition 1]) a sequence (y
m
)
m∈N
is called
a cosequence to (xn)n∈N, if for any ε > 0 there are nε ,mε ∈ N such that d(ym , xn) < ε when n ≥ nε , m ≥ mε .
In this case, we write d(y
m
, xn) → 0 or lim
m,n
d(y
m
, xn) = 0. Generally speaking, when two sequences (xn)n∈N and
(y
m
)
m∈N
are given in a quasi-pseudometric space (X, d) we will write lim
n,m
d(y
m
, x
n
) = r if for any ε > 0 there is
an N
ε
such that |d(y
m
, x
n
) − r| < ε when m,n > N
ǫ
. We call κ-cut (of sequences) in X ([2, Definition 8]) an
ordered pair ξ = (A,B) of families of rightK-Cauchy sequences and leftK-Cauchy cosequences, respectively, with
the following propositionerties: (i) For any (x
n
)
n∈N
∈ A and any (x
m
)m∈N ∈ B there holds lim
m,n
d(x
m
, xn) = 0; (ii)
Any two members of the family A (resp. B) are right (resp. left) d-cofinal; (iii) The classes are maximal with respect
to set inclusion. We call the member A (resp. B) first (resp. second) class of ξ. A κ-Cauchy sequence is a right
K-Cauchy sequence which is member of the first class of a κ-cut (see [2, Definition 11]).
A directed set is a nonempty set A together with a reflexive and transitive binary relation ≤ (that is, a preorder), with
the additional propositionerty that for any x and y in A there must exist z in A with x ≤ z and y ≤ z. Directed
sets are a generalization of nonempty totally ordered sets. That is, all totally ordered sets are directed sets. A net in
a topological space X is a function δ : A → X , where A is some directed set. The point δ(a) is usually denoted x
a
and the net is denoted by (x
a
)
a∈A
. A function ϕ : D → A is cofinal in A if for each a ∈ A, there exists some µ ∈ D
such that a ≤ ϕ(µ). A subnet of a net δ : A → X is the composition δ ◦ ϕ, where ϕ : D → A is an increasing
cofinal function from a directed set D to A. That is: (i) ϕ(µ
1
) ≤ ϕ(µ
2
) whenever µ
1
≤ µ
2
(ϕ is increasing); (ii) ϕ is
cofinal in A. For each µ ∈M , the point δ ◦ ϕ(µ) is often written x
aµ
, and we usually speak of “the subnet (x
aµ
)
µ∈M
of (x
a
)
a∈A
." A net (x
a
)
a∈A
in quasi-uniform space (X,U) is said to be convergent to x ∈ X if for every U ∈ U
there exists a
U
∈ D such that (x, x
a
) ∈ U for each a ≥ a
U
. The definition of net generalizes a key result about
subsequences: A net (x
a
)
a∈A
converges to x if and only if every subnet of (x
a
)
a∈A
converges to x.
LetX be a well-ordered set and let R(x
λ
), λ ∈ Λ be a propositionosition with domainX . The Principle of Transfinite
Induction asserts that if
⋃
λ<µ
R(x
λ
) implies R(x
µ
), for all µ ∈ Λ, then in fact R(x
λ
) holds for all λ ∈ Λ.
LetX
a
be a set, for each a ∈ A. The Cartesian product of the sets X
a
is the set
∏
a∈A
X
a
= {x : A→
⋃
a∈A
X
a
| x(a) ∈ X
a
, for each a ∈ A}.
The value of x ∈
∏
a∈A
at a is usually denoted x
a
, rather than x(a), and x
a
is referred to as the ath coordinate of x. The
space X
a
in the ath factor space. For each γ ∈ A the map π
γ
:
∏
a∈A
X
a
→ X
γ
, defined by π
γ
(x) = x
γ
,is called the
projection map of
∏
a∈A
X
a
on X
γ
, or the γth projection map. The Axiom of choice ensure that the Cartesian product
of a non-empty collection of non-empty sets is non-empty.
Let (X
i
,U
i
)
i∈I
be a family of quasi-uniform spaces. Let
∏
i∈A
X
i
be the set-theoretic product of the family (X
i
)
i∈I
and
let π
j
:
∏
i∈A
X
i
−→ X
j
(j ∈ I) be the projection onto (X
j
,U
j
). Then the coarsest quasi-uniformity on
∏
i∈A
X
i
that
makes all projections uniformly continuous is called the product quasi-uniformity. It induces the product topology of
the topological spaces (X
i
,U
i
).
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3 The new completion
Throughout the paper (X,U) will be an arbitrary quasi-uniform space and (X, d) will be an arbitrary quasi-
pseudometric space, except the cases when it is explicitly stated that the space is T0 .
Stoltenberg [20] has given the following definitions. The index S in our symbolisms is devoted to Stoltenberg.
Definition 3.1. ([20, Definition 2.1]). A net (x
a
)
a∈A
in a quasi-unifrom space (X,U) is called right U
S
-Cauchy (left
U
S
-Cauchy) if for each U ∈ U there is a
U
∈ A such that (x
β
, x
α
) ∈ U (resp. (x
α
, x
β
) ∈ U ) whenever α ≥ a
U
,
β ≥ a
U
, a  β and a, β ∈ A.
Definition 3.2. ([20, Definition 2.2]). A quasi-uniform space (X,U) is U
S
-complete if and only if each right U
S
-
Cauchy net converges in X with respect to τ
U
.
Definition 3.3. A net (x
a
)
a∈A
in a quasi-pseudometric space (X, d) is called right (resp. left) d
S
-Cauchy if for each
ǫ > 0 there is a
ǫ
∈ A such that d(x
β
, x
α
) < ǫ (resp. d(x
α
, x
β
) < ǫ) whenever α ≥ a
ǫ
, β ≥ a
ǫ
, a  β and
a, β ∈ A. Without loss of generality, we may suppose that for ε′ ≤ ε, it is a
ε′
≥ a
ε
(resp. β
ε′
≥ β
ε
). We say that
a quasi-pseudometric space (X, d) is d
S
-complete if and only if every right d
S
-Cauchy net converges to a point in X
with respect to τ
d
. Similarly, we say that (X, d) is U
d
-complete if and only if every U
d
-Cauchy net converges to a
point in X with respect to τ
U
d
= τ
d
.
In case of sequences, Definition 3.3 coincides with the definition of the notions of right K-Cauchy sequence, left
K-Cauchy sequence, right K-sequentially complete and left K-sequentially complete quasi-pseudometric space, re-
spectively.
Proposition 3.1. (see [20, Page 229]). Let (X, d) be a quasi-pseudometric space. A net (x
a
)
a∈A
in (X, d) is a right d
S
-
Cauchy net if and only if (x
a
)
a∈A
is a right (U
d
)
S
-Cauchy net in (X,Ud). Simillarly, the space (X, d) is dS -complete
if and only if (X,U
d
) is U
d
-complete.
Proof. By definition, we have that each quasi-pseudometric d on X generates a quasi-uniformity U
d
with base
{{(x, y) ∈ X ×X |d(x, y) < ǫ}|ǫ > 0}. Therefore, the implication of the Proposition is an immediate consequence
of the Definitions 3.1-3.3.
Definition 3.4. ([8, Definition 1], [7]). Let (X,U) (resp. (X, d)) be a quasi-uniform space (quasi-pseudometric space)
and let (x
a
)
a∈A
, (y
β
)
β∈B
be two nets in (X,U) (resp. (X, d)). The net (y
β
)
β∈B
is called a conet of (x
a
)
a∈A
, if for
any U ∈ U (resp. ǫ > 0) there are a
U
∈ A and β
U
∈ B (resp. a
ǫ
∈ A and β
ǫ
∈ B) such that (y
β
, x
a
) ∈ U (resp.
d(y
β
, x
a
) < ǫ) whenever a ≥ a
U
, β ≥ β
U
(resp. a ≥ a
ǫ
, β ≥ β
ǫ
) and a, β ∈ A.
Definition 3.5. ([2, Definition 3] ). A net (x
a
)
a∈A
in a quasi-pseudometric space (X, d) is called right (resp. left)
d-cofinal to a net (x
β
)
β∈B
on X , if for each ǫ > 0 there exists a
ǫ
∈ A satisfying the following property: for each
a ≥ a
ǫ
there exists β
a
∈ B such that d(x
β
, x
a
) < ǫ (resp. d(x
a
, x
β
) < ǫ) whenever β ≥ β
a
. The nets (x
a
)
a∈A
and
(x
β
)
β∈B
are right (resp. left) d-cofinal if (x
a
)
a∈A
is right (resp. left) d-cofinal to (x
β
)
β∈B
and vice versa.
Definition 3.6. Let (X, d) be a quasi-pseudometric space. We call δ-cut inX an ordered pair ξ = (A
ξ
,B
ξ
) of families
of right d
S
-Cauchy nets and left d
S
-Cauchy nets respectively, with the following properties:
(i) Any (x
a
)
a∈A
∈ A
ξ
has as conet any (y
β
)
β∈B
∈ B
ξ
;
(ii) Any two members of the familyA
ξ
(resp. B
ξ
) are right (resp. left) d-cofinal.
(iii) The classes A
ξ
and B
ξ
are maximal with respect to set inclusion.
Definition 3.7. To every x ∈ X we correspond the d-cut φ(x) = (A
φ(x)
,B
φ(x)
) satisfying the requirements (i)-(iii) of
Definition 3.6 with the additional condition (iv): The net (x) = x, x, x, ... itself, belongs to both of the classes.
The notion of δ-cut of nets generalizes the notion of κ-cut of sequences (see [2, Definition 11]).
Remark 3.2. In fact, in the previous definition the members ofA
φ(x)
converge to xwith respect to τ
d
and the members
of B
φ(x)
converge to x with respect to τ
d−1
.
Let (X, d) be a quasi-pseudometric space and let X̂ denotes the set of all d-cuts in (X, d). Throughtout the paper, for
every ξ ∈ X̂ , A
ξ
,B
ξ
denote the two classes of ξ. In this case, we write ξ = (A
ξ
,B
ξ
).
Remark 3.3. If the space (X, d) is T
0
, then the functionφ defined above is an injective function (one-to-one) ofX into
X̂ . Indeed, let x, y ∈ X be such that φ(x) = φ(y). Then, (x), (y) ∈ A
φ(x)
∩B
φ(x)
∩A
φ(y)
∩A
φ(y)
. Thus, d∗(x, y) = 0
4
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which implies that x = y. Generally, each quasi-pseudometric space (X, d) defines a T
0
quasi-pseudometric space
(X∗, d∗). Indeed, let R be the equivalence relation in X defined by: xRy if and only if d(x, y) = 0 = d(y, x). Let
also X∗ = X/R = {[x] | x ∈ X} = {{z ∈ X |zRx} |x ∈ X} be the quotient space (the set of equivalence classes).
It is convenient to introduce the function π : X → X∗ defined by π(x) = {[y]| x ∈ [y]}. Since each x ∈ X is
contained in exactly one equivalence class we have π(x) = [x], that is, the function x→ [x] is well defined. In order
to ensure that the projection map be continuous we put an obligation on the topology we assign to X∗: If a set G is
open in X∗ then π−1(G) is open in X . We define the quotient topology on X∗ by letting all sets G that pass this test
be admitted. On other words, a set G is open in X∗ if and only if π−1(G) is open in X . The quotient topology on
X∗ is the finest topology onX∗ for which the projection map π is continuous. Let d∗ : X∗ ×X∗ → R be a function
defined by d∗([x], [y]) = d(x, y). Then, it is easy to check that d∗ is a T
0
quasi-pseudometric in X∗ that yields the
quotient topology inX∗.
Definition 3.8. Let (X, d) be a quasi-pseudometric space. We call δ-Cauchy net any right d
S
-Cauchy net member of
the first class of a δ-cut. The space (X, d) is δ-complete if and only if each δ-Cauchy net converges inX .
Definition 3.9. A net (x
a
)
a∈A
in a quasi-uniform space (X,U) is called right (resp. left) U-cofinal to a net (x
β
)
β∈B
on X , if for each U ∈ U there exists a
U
∈ A satisfying the following property: for each a ≥ a
U
there exists β
a
∈ B
such that (x
β
, x
a
) ∈ U (resp. (x
a
, x
β
) ∈ U ) whenever β ≥ β
a
. The nets (x
a
)
a∈A
and (x
β
)
β∈B
are right (resp. left)
U-cofinal if (x
a
)
a∈A
is right (resp. left) U-cofinal to (x
β
)
β∈B
and vice versa.
Definition 3.10. Let (X,U) be a quasi-uniform space. We call U-cut in X an ordered pair ξ = (A
ξ
,B
ξ
) of families
of right U
S
-Cauchy nets and left U
S
-Cauchy nets respectively, with the following properties:
(i) Any (x
a
)
a∈A
∈ A
ξ
has as conet any (y
β
)
β∈B
∈ B
ξ
;
(ii) Any two members of the familyA
ξ
(resp. B
ξ
) are right (resp. left) U-cofinal.
(iii) The classes A
ξ
and B
ξ
are maximal with respect to set inclusion.
Definition 3.11. To every x ∈ X we correspond the U-cut φ(x) = (A
φ(x)
,B
φ(x)
) satisfying the requirements (i)-(iii)
of Definition 3.6 with the additional condition (iv): The members of A
φ(x)
converge to x with respect to τ
U
and the
members of B
φ(x)
converge to x with respect to τ
U−1
.
According to Definition 3.11, the net (x) = x, x, x, ... itself, belongs to both of the classes A
φ(x)
and B
φ(x)
.
Definition 3.12. Let (X,U) be a quasi-uniform space. We call U-Cauchy net any right U
S
-Cauchy net member of the
first class of a U-cut. The space (X,U) is U-complete if and only if each U-Cauchy net converges inX .
Two δ-Cauchy (resp. U-Cauchy) nets (x
a
)
a∈A
and (x
β
)
β∈B
in a quasi-pseudometric space (X, d) (resp. quasi-uniform
space (X,U)) are called δ-equivalent (resp. U-equivalent) if every conet to (x
a
)
a∈A
is a conet to (x
β
)
β∈B
and vice
versa.
It is easy to see that δ-equivalence (resp. U-equivalence) defines an equivalence relation on (X, d) (resp. (X,U)).
Hence, A is the equivalence class of the δ-Cauchy nets (resp. U-Cauchy nets) that are considered to be equivalent by
this equivalence relation.
In metric (resp. uniform) spaces the classes A and B coincide with a well known equivalent classes of Cauchy nets.
Proposition 3.4. Let (x
a
)
a∈A
be a right (resp. left) d
S
-Cauchy net in a quasi-pseudometric space (X, d) with a subnet
(x
aγ
)
γ∈Γ
. Then, (x
a
)
a∈A
and (x
aγ
)
γ∈Γ
are right (resp. left) d-cofinal.
Proof. Let (x
a
)
a∈A
be a right d
S
-Cauchy net in (X, d) and (x
aγ
)
γ∈Γ
be a subnet of it. Let ǫ > 0 be given. Then, there
exists a
ǫ
∈ A such that for each a, a′ ∈ A with a ≥ a
ǫ
, a′ ≥ a
ǫ
and a′  a, we have d(x
a
, x
a′
) < ǫ. Let a
γ
> a
ǫ
for some γ ∈ Γ and a
aγ
= a
γ
. Then, for each a > a
γ
(a
γ
 a) we have d(x
a
, x
aγ
) < ǫ. Hence, (x
aγ
)
γ∈Γ
is right
d-cofinal to (x
a
)
a∈A
. On the other hand, let a > a
ǫ
for some a ∈ A. Let also (a
γ
)
a
= a
γ
for some a
γ
> a, γ ∈ Γ.
Then, for each γ′ > γ we have d(x
a
γ′
, x
a
) < ǫ which implies that (x
a
)
a∈A
is right d-cofinal to (x
aγ
)
γ∈Γ
. The case of
the left d
S
-Cauchy net is simillar.
Proposition 3.5. In every quasi-pseudometric space (X, d) two right d-cofinal nets have the same conets.
Proof. Let (x
a
)
a∈A
, (x
β
)
β∈B
be two right d-cofinal nets. Suppose that (y
σ
)
σ∈Σ
is a conet of (x
a
)
a∈A
. Fix ǫ > 0. Then
there exist σ
ǫ
∈ Σ and a
ǫ
∈ A such that d(y
σ
, x
a
) <
ǫ
2
for σ ≥ σ
ǫ
, a ≥ a
ǫ
. On the other hand, there is β
ǫ
∈ B
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with the following property: for each β ≥ β
ǫ
there exists a
β
∈ A such that d(x
a
, x
β
) <
ǫ
2
whenever a ≥ a
β
. If
a∗ = max{a
ǫ
, a
β
}, then from d(y
σ
, x
a∗
) <
ǫ
2
and d(x
a∗
, x
β
) <
ǫ
2
we conclude that d(y
σ
, x
β
) <
ǫ
2
+
ǫ
2
= ǫ for
σ ≥ σ
ǫ
and β ≥ β
ǫ
.
Similarly we can prove the following proposition.
Proposition 3.6. In every quasi-pseudometric space (X, d), two left d-cofinal nets are conets of the same nets.
The following two corollaries is an immediate consequence of Propositions 3.5 and 3.6.
Corollary 3.7. In every quasi-pseudometric space (X, d), two right (left) d-cofinal nets have the same limit points for
τ(d) (resp. τ(d−1)).
Corollary 3.8. Let (X, d) be a quasi-pseudometric space and let ξ, ξ′ ∈ X̂ . Then,A
ξ
∩ A
ξ′
6= ∅ impliesA
ξ
= A
ξ′
.
Let (X, d) be a quasi-pseudometric space and let X̂ be the set of all d-cuts in (X, d). Throughtout the paper, for every
ξ ∈ X̂ , A
ξ
,B
ξ
denote the two classes of ξ. In this case, we write ξ = (A
ξ
,B
ξ
).
Definition 3.13. Let (X, d) be a quasi-pseudometric space. Suppose that r is a nonnegative real number, ξ′, ξ′′ ∈ X̂ ,
(xa)a∈A ∈ Aξ′ and (xγ )γ∈Γ ∈ Bξ′′ . We put d̂(ξ
′, ξ′′) ≤ r if:
(i) A
ξ′
= A
ξ′′
or
(ii) For each ǫ > 0 there are aǫ ∈ A, γε ∈ Γ such that
d(xa, xγ ) < r + ǫ (1)
when a ≥ aε and γ ≥ γε. If ξ′ = φ(x) for some x ∈ X , then the net (xa)a∈A always coincides with the fixed net, for
which xa = x for all a ∈ A. Then, we let
d̂(ξ′, ξ′′) = inf{r | d̂(ξ′, ξ′′) ≤ r}. (2)
Proposition 3.9. The truth of d̂(ξ′, ξ′′) ≤ r in Definition 3.13(ii) depends only on ξ′, ξ′′, and r; it does not depend on
the choice of the nets (xa)a∈A and (xγ )γ∈Γ .
Proof. Let (xa)a∈A and (xβ )β∈B be two right US -Cauchy nets of the classAξ′ and (xγ)γ∈Γ and (xδ )δ∈∆ be two right
U
S
-Cauchy nets of the class A
ξ′′
. Then, for each ε > 0 there are a
ε
∈ A and γ
ε
∈ Γ such that
d(xa, xγ) < r + ε
when a ≥ a
ε
and γ ≥ γ
ε
. Choose an arbitrary positive number ε′ so that 0 < ε′ <
ε
3
. Then, there are a
ε′
∈ A and
γ
ε′
∈ Γ such that
d(xa, xγ) < r + ε
′
when a ≥ a
ε′
and γ ≥ γ
ε′
. Since (xa)a∈A is left d-cofinal to (xβ )β∈B , there is a
′
ε
∈ A satisfying the following
property: For each a ≥ a′
ε
there exists β
a
∈ B such that
d(x
β
, xa) <
ε
3
whenever β ≥ β
a
. Fix an a′
ε
≥ a
ε′
and let a′
ε
= a∗. Then, we have
d(x
β
, x
γ
) ≤ d(x
β
, x∗) + d(x∗, x
γ
) < r + ε′ +
ε
3
whenever β ≥ β
a′
ε
and γ ≥ γ
ε′
.
Similarly, since (x
δ
)
δ∈∆
is left d-cofinal to (x
γ
)
γ∈Γ
, there is δ
ε
∈ ∆ satisfying the following property: For each δ ≥ δ
ε
there exists γ
δ
∈ Γ such that
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d(x
γ
, xδ) <
ε
3
whenever γ ≥ γ
δ
. Let γ∗ = max{γ
ε′
, γ
δ
}. Then,
d(x
β
, x
δ
) ≤ d(x
β
, x
γ∗
) + d(x
γ∗
, x
δ
) < r + ε′ +
ε
3
+
ε
3
< r + ε
whenever β ≥ β
a′
ε
and δ ≥ δ
ε
.
Proposition 3.10. Let ξ′, ξ′′ ∈ X̂ , (xa)a∈A ∈ Aξ′ and (xγ )γ∈Γ ∈ Aξ′′ and Aξ′ 6= Aξ′′ . Then,
d̂(ξ′, ξ′′) = lim
a,γ
d(xa, xγ ).
Proof. Let d̂(ξ′, ξ′′) = r. Then, for any ε > 0 there are a
ε
∈ A and γ
ε
∈ Γ such that
d(xa, xγ ) < r + ε
whenever a ≥ a
ε
and γ ≥ γ
ε
. To prove that r − ε < d(xa, xγ ) for a ≥ aε and γ ≥ γε , suppose to the contrary
there exist a subnet (x
a
λ
)
λ∈Λ
of (xa)a∈A and a subnet (xγµ )µ∈M of (xγ )γ∈Γ such that for all xaλ , xγµ there holds
d(x
a
λ
, x
γµ
) ≤ r − ε. Then, by Propositions 3.4, 3.5, 3.9 and Definition 3.13 we have that d̂(ξ′, ξ′′) ≤ r − ε, a
contradiction. Therefore, we have d̂(ξ′, ξ′′) = r = lim
a,γ
d(xa, xγ ).
Proposition 3.11. X̂ is quasi-pseudometric.
Proof. From Definition 3.13 it follows immediately that d̂(ξ, ξ) = 0 and d̂(ξ, ξ′) ≥ 0 for all ξ, ξ′ ∈ X̂ . To prove that
d̂ satisfies the triangle inequality, let ξ, ξ′, ξ′′ ∈ X̂ . We have four cases to consider:
(i) A
ξ
6= A
ξ′
and A
ξ′
6= A
ξ′′
. Suppose that d̂(ξ, ξ′) = r1, d̂(ξ′, ξ′′) = r2, (xa)a∈A ∈ Aξ , (xβ )β∈B ∈ Aξ′ and
(x
γ
)
γ∈Γ
∈ A
ξ′′
. Then, for any ε > 0 there are a
ε
∈ A and β
ε
∈ B such that d(xa, xβ ) < r1 +
ε
2
whenever a ≥ a
ε
and β ≥ β
ε
. Similarly, there are β′
ε
∈ B and γ
ε
∈ Γ such that d(xβ , xγ ) < r2 +
ε
2
whenever β ≥ β′
ε
and γ ≥ γ
ε
. Let
B0 = max{βε , β
′
ε
}. Then, d(xa, xγ ) ≤ d(xa, xβ
M
0
) + d(x
β
M
0
, x
γ
) < r1 + r2 + ε. Hence, according to Definition
3.13, we have
d̂(ξ, ξ′′) ≤ r1 + r2 = d̂(ξ, ξ′) + d̂(ξ′, ξ′′).
(ii) A
ξ
6= A
ξ′
andA
ξ′
= A
ξ′′
. Suppose that d̂(ξ, ξ′) = r. Since A
ξ′
= A
ξ′′
, Definition 3.13 implies that d̂(ξ, ξ′) ≤ r
and d̂(ξ′, ξ′′) = 0. Therefore,
d̂(ξ, ξ′′) ≤ r = d̂(ξ, ξ′) + d̂(ξ′, ξ′′).
(iii) A
ξ
= A
ξ′
and A
ξ′
6= A
ξ′′
.
(iv) A
ξ
= A
ξ′
andA
ξ′
= A
ξ′′
. This case is trivial.
Proposition 3.12. Let (X, d) be a quasi-pseudometric space. Then, for any x, y ∈ X we have
d̂(φ(x), φ(y)) = d(x, y).
Proof. We have that (x) ∈ A
φ(x)
and (y) ∈ A
φ(y)
. If A
φ(x)
= A
φ(y)
, then d̂(φ(x), φ(y)) = 0 = d(x, y). Otherwise,
Proposition 3.10 implies that d̂(φ(x), φ(y)) = d(x, y).
7
A PREPRINT - WEDNESDAY 2ND SEPTEMBER, 2020
Proposition 3.13. For any ξ = (A
ξ
,B
ξ
) ∈ X̂ , (xa)a∈A ∈ Aξ implies that d̂(ξ, φ(xa )) → 0 and (xβ )β∈B ∈ Bξ
implies that d̂(φ(x
β
), ξ)→ 0.
Proof. We now prove that if (xa)a∈A ∈ Aξ then φ(xa) converges to ξ. Fix an ε > 0. Since (xa)a∈A is a right
d
S
-Cauchy net, there exists aε ∈ A such that
d(xa, xa′) <
ε
3
, whenever a ≥ aε, a
′ ≥ aε and a
′  a. (3)
Let (x
σ
)
σ∈Σ
∈ A
ξ
. Then, since (xa)a∈A and (xσ )σ∈Σ right d-cofinal we have the property: There exists âε ∈ A and
σ
âε
∈ Σ, such that
d(x
σ
, xa) <
ǫ
3
, whenever a ≥ â
ε
and σ ≥ σ
âε
. (4)
Let a′′ ∈ A be such that a′′ ≥ a
ε
and a′′ ≥ â
ε
(A is directed). Fix an a ≥ a
ε
and a right d
S
-Cauchy net (x
ρ
)
ρ∈P
∈
A
φ(xa)
. There exists ρ
ε
∈ P such that
d(xa, xρ) <
ǫ
3
, whenever ρ ≥ ρ
ε
. (5)
We have two cases to consider - the case where a ≥ a′′ and the case where a  a′′.
(i) Let a ≥ a′′. Then, since a ≥ a′′ ≥ a
ε
and a ≥ a′′ ≥ â
ε
we have
d(x
σ
, x
ρ
) ≤ d(x
σ
, xa) + d(xa, xρ) <
ǫ
3
+
ǫ
3
<
2ǫ
3
< ǫ, whenever σ ≥ σ
âε
and ρ ≥ ρǫ. (6)
(ii) Let a  a′′. Then, since a′′ ≥ â
ε
and a, a′′ ≥ a
ε
with a  a′′ we have that
d(x
σ
, x
ρ
) ≤ d(x
σ
, x
a′′
) + d(x
a′′
, xa) + d(xa, xρ) <
ǫ
3
+
ǫ
3
+
ǫ
3
= ǫ, whenever σ ≥ σ
âε
and ρ ≥ ρǫ. (7)
Since (x
σ
)
σ∈Σ
∈ A
ξ
, (x
ρ
)
ρ∈P
∈ A
φ(xa)
, then by (6) and (7) and Definition 3.13, we conclude that
d(ξ, φ(xa)) < ε for a ≥ aε which implies that d̂(ξ, φ(xa))→ 0. (8)
Similarly we can prove that d̂(φ(x
β
), ξ)→ 0.
Proposition 3.14. Let (X, d) be a quasi-pseudometric space and let (ξ
a
)
a∈A
be a non-constant right d̂
S
-Cauchy net
in (X̂, d̂) without last element. Let also a∗ ∈ A be such that for each a ≥ a∗, a′ ≥ a∗ and a′  a there holds
d̂(ξ
a
, ξ
a′
) = 0. Then, there exists a right d
S
-Cauchy net (t
σ
)
σ∈Σ
in (X, d) such that (ξ
a
)
a∈A
and (φ(t
σ
))
σ∈Σ
are right
d̂-cofinal nets.
Proof. (α) The Construction of the right d
S
-Cauchy net (t
σ
)
σ∈Σ
in (X, d). Let (ξ
a
)
a∈A
and a∗ be as in the proposition.
Since d̂(ξ
a
, ξ
a′
) = 0, for each ǫ > 0 we have that
d̂(ξ
a
, ξ
a′
) < ǫ whenever a ≥ a∗, a′ ≥ a∗ and a′  a. (9)
Let (Γ,≤) be cofinal well-ordered subset of (A,≤) (the existence of such Γ follows from the axiom of choice).
Consider the subnet (ξ
aγ
)
γ∈Γ = (ξγ )γ∈Γ of (ξa)a∈A . Then, (ξγ )γ∈Γ is cofinal to (ξa)a∈A and by (9) we have that
d̂(ξ
aγ
, ξ
a
γ′
) < ǫ whenever γ ≥ γ′ ≥ a∗. (10)
For any γ ∈ Γ, let ξ
γ
= (A
ξγ
,B
ξγ
) and (x
ρ(kγ )
)
ρ(kγ )∈Pkγ
be a member of A
ξγ
where k
γ
denote the different right
d
S
-Cauchy nets ofA
ξγ
and ρ(k
γ
) denote the indices sets of k
γ
. Let also ρ
ǫ
(k
γ
) be the smallest index with the property
d(x
ρ(kγ )
, x
ρ′(kγ )
) <
ǫ
3
whenever ρ(k
γ
) ≥ ρ
ǫ
(k
γ
), ρ′(k
γ
) ≥ ρ
ǫ
(k
γ
) and ρ′(k
γ
)  ρ(k
γ
). (11)
For each γ ∈ Γ fix an k∗
γ
∈ P
k∗
γ
. Without loss of generality (see Remark 3.2), we can assume that:
For each ǫ′ ≤ ǫ we have that ρ
ǫ
(k∗
γ
) ≤ ρ
ǫ′
(k∗
γ
). (12)
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Let γ > γ′ and let ǫ > 0. Then, d̂(ξ
γ
, ξ
γ′
) = 0 implies that there exists ρǫ(k∗
γ
) ∈ P
k∗
γ
, ρǫ
′
(k∗
γ′
) ∈ P
k∗
γ′
such that
d(x
ρ(k∗
γ
)
, x
ρ(k∗
γ′
)
) <
ǫ
3
whenever ρ(k∗
γ
) ≥ ρǫ(k∗
γ
) and ρ(k∗
γ′
) ≥ ρǫ
′
(k∗
γ′
). (13)
We advance to the construction of the demanded right d
S
-Cauchy net (t
λ
)
λ∈Λ
in (X, d) by using transfinite induction
on the well-ordered set (Γ,≤). Let γ
1
≥ γ
0
≥ a∗ for some γ
0
, γ
1
∈ Γ and let ǫ > 0. Then,
d(x
ρ(k∗
γ
1
)
, x
ρ(k∗
γ
0
)
) <
ǫ
3
whenever ρ(k∗γ
1
) ≥ ρǫ(k∗γ
1
) and ρ(k∗γ
0
) ≥ ρǫ(k∗γ
0
). (14)
Let ρ˜ǫ(k∗γ
0
) = ρ
ǫ
(k∗γ
0
) and ρ˜ǫ(k∗γ
1
) = min{ρ
ǫ
(k∗γ
1
), ρǫ(k∗γ
1
)}. Then,
d(x
ρ(k∗
γ
1
)
, x
ρ(k∗
γ
0
)
) <
2ǫ
3
< ǫ whenever ρ(k∗γ
1
) ≥ ρ˜ǫ(k
∗
γ
1
) and ρ(k∗γ
0
) ≥ ρ˜ǫ(k
∗
γ
0
). (15)
We call equation (15), T (1)-Property.
Let γ
2
∈ Γ such that γ
2
> γ
1
> γ
0
. Then, if ρ˜ǫ(k∗γ
2
) = min{ρ
ǫ
(k∗γ
2
), ρǫ(k∗γ
2
)}, as in (15), it is easy to check that
d(x
ρ(k∗
γ
2
)
, x
ρ(k∗
γ
1
)
) < ǫ and d(x
ρ(k∗
γ
2
)
, x
ρ(k∗
γ
0
)
) < ǫwhenever ρ(k∗γ
2
) ≥ ρ˜ǫ(k
∗
γ
2
), ρ(k∗γ
1
) ≥ ρ˜ǫ(k
∗
γ
1
) and ρ(k∗γ
0
) ≥ ρ˜ǫ(k
∗
γ
0
).
(16)
We call equation (16), T (2)-Property.
Let γ ∈ Γ be an ordinal which has the T (γ)-Property, that is: For each γ′ < γ we have
d(x
ρ(k∗γ )
, x
ρ(k∗
γ′
)
) < ǫ whenever ρ(k∗γ) ≥ ρ˜ǫ(k
∗
γ) and ρ(k
∗
γ′) ≥ ρ˜ǫ(k
∗
γ′). (17)
According to transfinite induction, if T (γ) is true whenever T (γ′) is true for all γ′ < γ, then T (γ) is true for all γ.
We follow two steps:
(i) Successor case: Prove that for any successor ordinal γ + 1, T (γ + 1) follows from T (γ).
(ii) Limit case: Prove that for any limit ordinal γ, T (γ) follows from [T (γ′) for all γ′ < γ].
Step (i). Let γ be a successor ordinal. Let also δ be an ordinal such that γ < δ. If δ is a limit ordinal, then there exists
an ordinal ζ′ such that γ < ζ′ < δ, otherwise, there exists an ordinal ζ such that γ < δ < ζ. We only prove that
T (γ + 1) follows from T (γ) where γ + 1 = ζ (the case γ < ζ′ < δ is similar for γ + 1 = δ).
By repeating the steps (13)-(16) above for γ′, δ, ζ where γ′ ≤ γ, instead of γ0 , γ1 , γ2 , considering them with same
layout, we conclude that
d(x
ρ(k∗
ζ
)
, x
ρ(k∗
γ′
)
) < ǫ whenever ρ(k∗ζ ) ≥ ρ˜ǫ(k
∗
ζ) and ρ(k
∗
γ) ≥ ρ˜ǫ(k
∗
γ′). (18)
Therefore, T (γ + 1) = T (ζ) holds.
Step (ii). Let γ be a limit ordinal. As it is well-known, an ordinal γ is a limit ordinal if and only if there is an ordinal less
than γ, and whenever γ′ is an ordinal less than γ, then there exists an ordinal γ′′ such that γ′ < γ′′ < γ. Therefore, by
repeating the steps (13)-(16) above for γ′, γ′′, γ instead of γ
0
, γ
1
, γ
2
, considering them with same layout, we conclude
that
d(x
ρ(k∗γ )
, x
ρ(k∗
γ′
)
) < ǫ whenever ρ(k∗γ) ≥ ρ˜ǫ(k
∗
γ) and ρ(k
∗
γ′) ≥ ρ˜ǫ(k
∗
γ′). (19)
Therefore, T (γ) holds. It follows that T (γ) is true for all γ ∈ Γ̂, where Γ̂ is cofinal to Γ.
Let A˜ = {(γ, ǫ)| γ ∈ Γ̂, ǫ > 0}. We define an order on A˜ as follows:
(γ′, ǫ′) ≤ (γ, ǫ) if and only if (i) γ′ < γ or (ii) γ′ = γ and ǫ < ǫ′. (20)
Clearly, A˜ is directed with respect to ≤. Define the net (x
ρ˜ǫ(k∗γ )
)
(γ,ǫ)∈A˜
. By (12), for each ǫ′ < ǫ, we have ρ˜ǫ(k∗γ) ≤
ρ˜ǫ′(k
∗
γ). Therefore, by (12) and T (γ) property we conclude that (xρ˜ǫ(k∗γ ))(γ,ǫ)∈A˜ is a right dS -Cauchy net. We now
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prove that the right d̂
S
-Cauchy nets (ξ
a
)
a∈A
and (φ(x
ρ˜ǫ(k∗γ )
))
(γ,ǫ)∈A˜
are left d̂-cofinal. Since (ξ
a
)
a∈A
and (ξ
γ
)
γ∈Γ
are
left d̂-cofinal and (ξ
γ
)
γ∈Γ
and (ξ
γ
)
γ∈Γ̂
are left d̂-cofinal, to prove that (ξ
a
)
a∈A
and (φ(x
ρ˜ǫ(k∗γ )
))
(γ,ǫ)∈A˜
are left d̂-cofinal,
we have to prove that (ξ
γ
)
γ∈Γ̂
and (φ(x
ρ˜ǫ(k∗γ )
))
(γ,ǫ)∈A˜
are right d̂-cofinal.
In order to prove that (ξ
γ
)
γ∈Γ̂
and (φ(x
ρ˜ǫ(k∗γ )
))
(γ,ǫ)∈A˜
are right d̂
S
-cofinal, let ǫ∗ > 0 and γ
ǫ∗
> a∗. By construction,
we have
d(x
ρ˜ǫ(k∗γ )
, x
ρ(k∗γ
ǫ∗
)
) <
ǫ
3
, (γ, ǫ) ∈ A˜, γ > γ
ǫ∗
, ǫ > 0 and ρ(k∗γ
ǫ∗
) ≥ ρ˜ǫ(k
∗
γ
ǫ∗
). (21)
Since each (x
ρ(kγ
ǫ∗
)
)
ρ(kγ
ǫ∗
)∈P
kγ
ǫ∗
∈ A
ξγ
ǫ∗
is right d
S
-cofinal to (x
ρ(k∗
γ
ǫ∗
)
)
ρ(k∗
γ
ǫ∗
)∈P
k∗
γ
ǫ∗
∈ A
ξγ
ǫ∗
we have that
d(x
ρ(k∗γ
ǫ∗
)
, x
ρ(kγ
ǫ∗
)
) <
ǫ
3
, whenever ρ(k∗γ
ǫ∗
) ≥ ρ
0
(k∗γ
ǫ∗
) and ρ(kγ
ǫ∗
) ≥ ρ
0
(kγ
ǫ∗
). (22)
It follows that
d(x
ρ˜ǫ(k∗γ )
, x
ρ(kγ
ǫ∗
)
) <
2ǫ
3
< ǫ, whenever ρ(k∗γ
ǫ∗
) ≥ ρ
0
(k∗γ
ǫ∗
) and ρ(kγ
ǫ∗
) ≥ ρ
0
(kγ
ǫ∗
). (23)
which implies that
d(φ(x
ρ˜ǫ(k∗γ )
), ξ
γ
ǫ∗
)
< ǫ, whenever (γ, ǫ) > (γ
ǫ∗
, ǫ∗) and ρ(kγ
ǫ∗
) ≥ ρ
0
(kγ
ǫ∗
). (24)
Therefore (φ(x
ρ˜ǫ(k∗γ )
))
(γ,ǫ)∈A˜
is right d̂
S
-cofinal to (ξ
γ
)
γ∈Γ̂
. On the other hand, in view of Definition ?? and by
the construction of x
ρ˜ǫ(k∗γ )
immediately follows that (ξ
γ
)
γ∈Γ̂
right d̂
S
-cofinal to (φ(x
ρ˜ǫ(k∗γ )
))
(γ,ǫ)∈A˜
. Therefore, the
required net (t
σ
)
σ∈Σ
of the hypothesis is the net (x
ρ˜ǫ(k∗γ )
)
(γ,ǫ)∈A˜
.
If the cardinality of index set A in Proposition 3.14 equals to the cardinality ℵ0 of the set of all natural numbers, then
we have the following corollary (see also [2, Proposition 25]).
Corollary 3.15. Let (X, d) be a quasi-pseudometric space and let (ξ
n
)
n∈N
be a non-constant rightK-Cauchy sequence
in (X̂, d̂)without last element. Then, there exists a rightK-Cauchy sequence (t
ν
)
ν∈N
in (X, d) such that the sequences
(ξ
n
)
n∈N
and (φ(t
ν
))
ν∈N
are right d̂-cofinal sequences.
Proof. Let let (ξ
n
)
n∈N
be a non-constant right K-Cauchy sequence in (X̂, d̂) without last element and let
(x
ρ˜ǫ(k∗γ )
)
(γ,ǫ)∈A˜
be as in Proposition 3.14. Since (ξ
n
)
n∈N
is a sequence we have that Γ ⊆ N and A˜ ⊆ N. In this
case we put (x
ρ˜ǫ(k∗γ )
)
(γ,ǫ)∈A˜
= (x
ρ˜ǫ(k∗γ(n)
)
)
(γ(n),ǫ)∈N
. We define an order on N as follows:
(γ(n′), ǫ′) ≤ (γ(n), ǫ) if and only if (i) n′ < n or (ii) n′ = n and ǫ < ǫ′. (25)
Clearly, N˜ = {(γ(n), ǫ)|γ(n) ∈ N, ǫ > 0} ⊆ N is a linearly ordered set with respect to ≤. Define the sequence
(x
ρ˜ǫ(k∗γ(n)
)
)
(γ(n),ǫ)∈N
. By Proposition 3.14 we have that (ξ
n
)
n∈N
and (φ(x
ρ˜ǫ(k∗γ(n)
)
))
(γ(n),ǫ)∈N
are right d̂-cofinal se-
quences.
Proposition 3.16. Let (X, d) be a quasi-pseudometric space and let (ξ
a
)
a∈A
be a non-constant right d̂
S
-Cauchy net
in (X̂, d̂) without last element. Then, there exists a right d
S
-Cauchy net (t
σ
)
σ∈Σ
in (X, d) such that the nets (ξ
a
)
a∈A
and (φ(t
σ
))
σ∈Σ
are right d̂-cofinal nets.
Proof. Let (X̂, d̂) and (ξ
a
)
a∈A
be as in the assumptions of the Proposition. Without loss of generality we can assume
that a 6= a′ implies that A
ξa
6= A
ξ
a′
. Pick a
0
∈ A such that d̂(ξ
a
, ξ
a′
) ≤ 1 whenever a ≥ a
0
, a′ ≥ a
0
and a′  a.
Given a
n
∈ A such that d̂(ξ
a
, ξ
a′
) ≤
1
2n
whenever a ≥ a′ ≥ a
n
, choose a
n+1 ∈ A such that an+1 ≥ an and
d̂(ξ
a
, ξ
a′
) ≤
1
2n+1
whenever a ≥ a′ ≥ a
n+1 . Then, the sequence (ξan )n∈N is a right K-Cauchy sequence in (X̂, d̂).
We have two cases to consider; (i) There exists a∗ ∈ A such that a∗ > a
n
for each n ∈ N; (ii) For each a ∈ A
there exists n ∈ N and a
n
∈ N such that a >/ a
n
. In case (i), for each a, a′ ≥ a∗ ≥ a
n
, n ∈ N and a′  a, we
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have d̂(ξ
a
, ξ
a′
) ≤
1
2n
for all n ∈ N. Hence, d̂(ξ
a
, ξ
a′
) = 0. Thus, Proposition 3.14 ensures the existence of a right
d
S
-Cauchy net (t
σ
)
σ∈Σ
in (X, d) such that the nets (ξ
a
)
a∈A
and (φ(t
σ
))
σ∈Σ
are right d̂-cofinal nets. In case (ii), since
(ξ
an
)
n∈N
is a subsequence of (ξ
a
)
a∈A
Proposition 3.4 implies that (ξ
an
)
n∈N
and (ξ
a
)
a∈A
are right d̂-cofinal. On the
other hand, Corollary 3.15 implies that there is right K-Cauchy sequence (t
ν
)
ν∈N
in (X, d) such that the sequences
(ξ
an
)
n∈N
and (φ(t
ν
))
ν∈N
are right d̂-cofinal nets. It follows that (ξ
a
)
a∈A
and (φ(t
ν
))
ν∈N
are right d̂-cofinal nets.
Corollary 3.17. A quasi-metric space (X, d) is δ-complete if and only if every right K-Cauchy sequence converges
to a point of (X, d).
Proof. If a quasi-metric space is δ-complete, then each δ-Cauchy net converges in X . Therefore, each δ-Cauchy
sequence converges in X .
Conversely, suppose that (X, d) is a quasi-metric space in which every δ-Cauchy sequence converges to a point ofX .
Let (xa)a∈A be a δ-Cauchy net in X . Then, by Proposition 3.16 we have two cases to consider: (a) d(xa, xa′) = 0,
where a, a′ ≥ a
0
for some a
0
∈ A and a′  a; (b) There exists a subsequence (xan )n∈N of (xa)a∈A such that
(xa)a∈A and (xan )n∈N are right d-cofinal. In case (a) we have xa = xa0 for all a ∈ A with a0  a. Therefore,
(xa)a∈A converges to xa
0
. In case (b), (xan )n∈N converges to a point l ∈ X . By Corollary 3.7 we have that (xa)a∈A
converges to l as well.
By using the dual version of Proposition 3.14, Corollary 3.15 and Proposition 3.16 for left d
S
-Cauchy nets we have
the following proposition.
Proposition 3.18. Let (X, d) be a quasi-pseudometric space and let (η
β
)
β∈B
be a non-constant left d̂
S
-Cauchy net in
(X̂, d̂) without last element. Then, there exists a left d
S
-Cauchy net (t
ρ
)
ρ∈P
in (X, d) such that the nets (η
β
)
β∈B
and
(φ(t
ρ
))
ρ∈P
are left d̂-cofinal nets.
Theorem 3.19. Every quasi-pseudometric space (X, d) has a δ-completion.
Proof. Let (ξ
a
)
a∈A
be a δ-Cauchy net in the space (X̂, d̂). Then, by definition 3.8, there exists a δ-cut ξ̂ ∈ X̂ such
that (ξ
a
)
a∈A
∈ A
ξ̂
. Let
ξ̂ = (A
ξ̂
,B
ξ̂
) whereA
ξ̂
= {(ξ
i
k
)
k∈K
i
|i ∈ I} and B
ξ̂
= {(η
j
λ
)
λ∈Λ
j
|j ∈ J}. (26)
We prove that there exists a δ-cut ξ in (X, d) such that (ξ
a
)
a∈A
converges to ξ.
We define ξ = (A
ξ
,B
ξ
), where
A
ξ
= {(x
σ
)
σ∈Σ
| (x
σ
)
σ∈Σ
is a right d
S
− Cauchy net in (X, d) such that (φ(x
σ
)
σ∈Σ ∈ Aξ̂} (27)
and
B
ξ
= {(y
ρ
)
ρ∈P
| (y
ρ
)
ρ∈P
is a left d
S
− Cauchy net in (X, d) such that (φ(y
ρ
)
ρ∈P
∈ B
ξ̂
}. (28)
By Propositions 3.16 and 3.18 the classesA
ξ
and B
ξ
are non-void. We first verify that ξ = (A
ξ
,B
ξ
) constitute a δ-cut
in (X, d). For this we need to show that the pair (A
ξ
,B
ξ
) satisfies the conditions of Definition 3.6. We first prove the
validity of Condition (i) of Definition 3.6. Let (x
σ
)
σ∈Σ ∈ Aξ and (yρ)ρ∈P ∈ Bξ . Then, by construction ofAξ and Bξ ,
we have lim
ρ,σ
d̂(φ(y
ρ
), φ(x
σ
)) = 0. Hence, Proposition 3.12 implies that lim
σ,ρ
d(y
σ
, x
ρ
) = 0. To prove that ξ satisfies
the second condition of Definition 3.6, let (x
σ
)
σ∈Σ , (xρ)ρ∈P be two right dS -Cauchy nets of Aξ . Since (φ(xσ ))σ∈Σ ,
(φ(x
ρ
))
ρ∈P
belong toA
ξ̂
, it follows by the definition of ξ that they are right d̂-cofinal. Hence, Proposition 3.12 implies
that (x
σ
)
σ∈Σ
and (x
ρ
)
ρ∈P
are right d-cofinal. Finally, condition (iii) of Definition 3.6 is an immediate consequence of
the maximality of A
ξ
and B
ξ
, respectively.
Similarly we can prove conditions (ii) and (iii) in the case of left d
S
-Cauchy nets, members of B
ξ
.
We now prove that (ξ
a
)
a∈A
converges to ξ. Indeed, according to Proposition 3.16 there exists a right d
S
-Cauchy net
(x
σ
)
σ∈Σ
in (X, d) such that the nets (ξ
a
)
a∈A
and (φ(x
σ
))
σ∈Σ
are right d̂-cofinal. By construction of ξ we have that
(x
σ
)
σ∈Σ
∈ A
ξ
. By Proposition 3.13 we have that φ(x
σ
) −→ ξ. Since (φ(x
σ
))
σ∈Σ
and (ξ
a
)
a∈A
are right d̂-cofinl,
Proposition 3.7 implies that ξ
a
−→ ξ. It follows that (X, d) is δ-complete.
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Proposition 3.20. A quasi-pseudometric space (X, d) is δ-complete if and only if (X,U
d
) is U
d
-complete.
Proof. It is an immediate consequence of Proposition 3.1.
Proposition 3.21. Let (X, d) be a quasi-pseudometric space and let U
d
be the quasi-uniformity induced on X by d.
Then, the space (X,U
d
) is U
d
-complete if and only if the space (X, d) is δ-complete.
Proof. The result is an immediate consequence of Proposition 3.1 and the fact that the familly Uǫ = {(x, y) ∈
X ×X |d(x, y) < ǫ |, ǫ > 0} is a base for U
d
.
Lemma 3.22. Let (X,U) and (Y,V) be arbitrary quasi-uniform spaces and let f : (X,U) −→ (X,V) be a quasi-
uniformly continuous mapping. If ξ = (A
ξ
,B
ξ
) whereA
ξ
= {(xi
a
)
a∈A
|i ∈ I} and B
ξ
= {(yj
β
)
β∈B
|j ∈ J} is a U-cut
in (X,U), then f(ξ) = (f(A
ξ
), f(B
ξ
)) where f(A
ξ
) = {(f(xi
a
))
a∈A
|i ∈ I} and f(B
ξ
) = {(f(yj
β
))
β∈B
|j ∈ J} is a
a V-cut in (X,V).
Proof. Since f is quasi-uniform continuous, if (x
a
)
a∈A
is a right U
S
-Cauchy net in (X,U) with a left U
S
-Cauchy net
(y
β
)
β∈B
as conet, then (f(x
a
))
a∈A
is a right V
S
-Cauchy net in (Y,V) with (f(y
β
))
β∈B
a left V
S
-Cauchy conet. The
rest is obvious.
The following proposition is evident.
Proposition 3.23. A closed subspace of a U-complete quasi-uniform space (X,U) is U-complete.
Proposition 3.24. If {(X
i
,U
i
) | i ∈ I} is a family of U
i
-complete quasi-uniform spaces, then the product space
(X˜, U˜) = (
∏
i∈I
X
i
,
∏
i∈I
U
i
) is U˜-complete.
Proof. Let (Ξ
a
)
a∈A
be a U˜-Cauchy net in (X˜, U˜). Then, there exists a a U˜-cut Ξ = (A
Ξ
,B
Ξ
) in (X˜, U˜) such that
(Ξ
a
)
a∈A
∈ AΞ . Let (Ξa)a∈A ∈ AΞ and (Hβ )β∈B ∈ BΞ . Let Ξ
a = {Ξi
a
|i ∈ I} for each a ∈ A andHβ = {Hj
β
|j ∈ J}
for each β ∈ B. Fix an i ∈ I and choose a Ui ∈ Ui. Given Ui×
∏
j 6=i
(Xj ×Xj) there are a0 ∈ A and β0 ∈ B such that:
(1) (xa
i
, xa
′
i
) ∈ U whenever a ≥ a0 , a
′ ≥ a0 and a
′  a; (2) (yβ
′
j
, yβ
j
) ∈ U whenever β ≥ β0 , β
′ ≥ β0 and β
′  β
and (3) (yβ
j
, xa
i
) ∈ U whenever a ≥ a
0
and β ≥ β
0
. Thus, Ξi = (AΞi ,BΞi ) is a Ui-cut in (Xi ,Ui) and (x
a
i )a∈A is a
Ui-Cauchy net in (Xi ,Ui). Thus, (x
a
i )a∈A converges to a point xi ∈ Xi. Let x˜ = {xi|i ∈ I}. Then, it is easy to verify
that xa −→ x˜.
The following proposition is evident.
Proposition 3.25. A closed subspace of a U-complete quasi-uniform space (X,U) is U-complete.
Proposition 3.26. (see[20, Theorem 1.7] Each quasi-uniform space (X,U) can be embedded in a product of quasi-
pseudometric spaces.
Theorem 3.27. Any quasi-unifrom space (X,U) has a U-completion.
Proof. By Proposition 3.26, we have that (X,U) can be embedded in a product of quasi-pseudometric spaces∏
i∈I
(X
i
, d
i
). Without loss of generality we may assume that di(xi, yi) ≤ 1 for all xi, yi ∈ Xi and for all i ∈ I . By
Theorem 3.19 each space (Xi, di) has a (di)S -completion (X̂i , d̂i). Therefore, (X,U) can be embedded in
∏
i∈I
(X̂
i
, d̂
i
).
That is, there exists a quasi-uniformly continuous mapping φ̂ : (X,U) −→
∏
i∈I
(X̂
i
, d̂
i
) such that φ̂(X) ⊆
∏
i∈I
(X̂
i
, d̂
i
).
It follows from Propositions 3.23, 3.24 and 3.25 that φ̂(X) ⊆
∏
i∈I
(X̂
i
, d̂
i
), where φ̂(X) is the closure of φ̂(X) in
∏
i∈I
(X̂
i
, d̂
i
). Let
Û = {U
⋂
φ̂(X)× φ̂(X)| U is a member of the product quasi− uniformity for
∏
i∈I
(X̂
i
, d̂
i
)}. (29)
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Then, by Propositions 3.23 and 3.26 we have that (X̂, Û) is a Û-completion for (X,U).
4 Discussion
In the present paper, we give a new completion for quasi-metric and quasi-uniform spaces which generalizes the
completion theories of Doitchinov [8] and Stoltenberg [20]. The main contribution in this paper is the use of the
notion of the cuts of nets (sequences) which generalizes the idea of Doitchinov for a completeness theory for quasi-
metric and quasi-uniform spaces. Doitchinov’s completeness theory for quiet spaces (a class of quasi-uniform spaces)
is very well behaved and extends the completion theory of uniform spaces in a natural way. According to Doitchinov
[8] a natural definition of a Cauchy net in a quasi-uniform space (X,U) (similar conditions must be satisfied for a
quasi-metric space (X, d)) has to be defined in such a manner that the following requirements are fulfilled:
(i) Every convergent sequence is a Cauchy net;
(ii) In the uniform case (i.e. when (X,U) the Cauchy nets are the usual ones.
Further a standard construction of a completion (X̂, Û) of any quasi-uniform space (X,U) should be possible such
that:
(iii) If (X,U) ⊆ (Y,V), where the inclusions are understood as quasi-uniform (resp. quasi-metric) embeddings and
the second one is an extension of the former;
(iv) In the case when (X,U) is a uniform space (X∗,U∗) is nothing but the usual uniform completion of (X,U).
As it is well known, in metric spaces the notions of completeness by sequences and by nets agree and, further, the
completeness of a metric space is equivalent to the completeness of the associated uniform space. Therefore, a natural
requirement for a satisfactory theory of completeness in quasi-metric spaces is the following:
(v) In quasi-metric spaces the sequential completeness and completeness by nets agree.
The following definitions is due to Doitchinov ((see [8, Condition Q and Definition 11])) and inspired us to define the
notion of cuts of nets. More precisely:
Definition 4.1. A quasi-uniform space (X,U) is called quiet provided that for each U ∈ U there exists V ∈ U such
that, if x′, x′′ ∈ X and (xa)a∈A and (xβ )β∈B are two nets in X , then from (x, xa) ∈ V for a ∈ A, (xβ , y) ∈ V for
β ∈ B and (x
β
, xa)→ 0 it follows that (x, y) ∈ U . We say that V is Q-subordinated to U .
Definition 4.2. A net (xa)a∈A in a quasi-uniform space is D-Cauchy if there exists another net (yβ )β∈B such that for
each U ∈ U , there exist a
U
∈ A β
U
∈ B satisfying (y
β
, xa) ∈ U whenever a ≥ aU ∈ A and β ≥ βU ∈ B. The space
(X,U) is D-complete if everyD-Cauchy net inX is convergent.
Definition 4.3. Two D-Cauchy nets (xa)a∈A and (xβ )β∈B are called equivazent if every conet of (xa)a∈A is a conet
of (x
β
)
β∈B
and vice versa.
Proposition 4.1. (See [8, Proposition 12]). If two D-Cauchy nets in a quiet quasi-uniform space (X,U) have a
common conet, then they are equivalent.
ÎZ´n the quasi-metric case the notions ofD-completeness by nets is defined by sequences as follows:
Definition 4.4. A sequence (xn)n∈N in the quasi-metric space (X, d) is called D-Cauchy sequence provided that for
any natural number k there exist a (y
k
)
k∈N
and an Nk such that d(yk , xa) <
1
k
wheneverm,n > Nk.
The concept of D-Cauchy net (sequence) proposed by Doitchinov enables him to realize the program outlined above
under the assumption of quietness.
Moreover,D-completeness satisfies requirement (v). The following definition shows this fact.
Proposition 4.2. (See [8, Theorem 9]). In the balanced quasi-metric spaces the notions of D-completeness by se-
quences and by nets agree.
Proof. If a quasi-metric space is D-complete, then each D-Cauchy net converges in X , and thus each D-Cauchy
sequence converges inX . Conversely, we prove that the sequentialD-completeness implies that everyD-Cauchy net
in X is convergent. Let (X, d) be a balanced quasi-metric space in which any D-Cauchy sequence converges and let
(xa)a∈A be a D-Cauchy net in (X, d). Then, (xa)a∈A is a D-Cauchy net in the quasi-uniform space Ud generated by
d. By [8, Page 208], Ud = {Uǫ |ǫ > 0} where Uǫ = {(x, y) ∈ X × X |d(x, y) < ǫ} is a quiet quasi-uniform space.
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Since (xa)a∈A isD-Cauchy there exists a net (yβ )β∈B such that for any Uǫ ∈ Ud there are aUǫ ∈ A and βUǫ ∈ B such
that (y
β
, xa) ∈ U whenever a ≥ aUǫ , β ≥ βUǫ or equivalently lima,β
d(y
β
, xa) = 0. Therefore, for each n ∈ N, there
exists an ∈ A, βn ∈ B such that (yβn , xan) ∈ Un = {(x, y) ∈ X ×X |d(x, y) <
1
n
}. It follows that (xan)n∈N is a
D-Cauchy sequence and thus it converges to a x ∈ X . Therefore, lim
β
(y
β
, x) = 0 ([8, Lemma 15]). Let ǫ > 0. Then,
since Ud is quiet there exists ǫ′ > 0 such that Uǫ′ is Q-subordinated to Uǫ. Let n ∈ N such that 1n < ǫ
′. Then, from
(y
βn
, xa) ∈ Uǫ′ , (x, x) ∈ Uǫ′ and lim
β
(y
β
, x) = 0 we conclude that (x, xa) ∈ Uǫ. It follows that (xa)a∈A converges
to x.
By Proposition 4.1, to eachD-Cauchy net (xa)a∈A, it corresponds a set of pairs of nets-conets which lead to the notion
of cut of nets, that is, a pair (C,D) where C contains all equivalent nets of (xa)a∈A and D contains all of their conets.
The notion of U-cut defined in this paper is a cut of nets (A,B) where the members of A contains right U
S
-Cauchy
nets and B contains left U
S
-Cauchy nets as they are defined by Stoltenberg.
At this point it is routine to check that all the requirements (i)-(iv) are satisfied for the proposed U-completion. The
requirement (v) is also satisfied as shows Proposition 3.17.
The validity of requirement (v) usually does not hold for some completion theories. As remarked Stoltenberg [20,
Example 2.4], there exists a sequentially rightK-complete quasi-metric space (X, d) which is not right U
S
-complete.
Actually, Stoltenberg [20, Theorem 2.5] proved that the equivalence holds for a more general definition of a right
U
S
-Cauchy net. More precisely, Stoltenberg [20] gives a more general definition of a right U
S
-Cauchy net than that
we use in this paper as follows: A net (x
a
)
a∈A
in a quasi-unifrom space (X,U) is called right (resp. left) U
S
-Cauchy
if for each U ∈ U there is a
U
∈ A such that (x
β
, x
α
) ∈ U (resp. (x
α
, x
β
) ∈ U ) whenever α, β ∈ A and a ≥ β ≥ a
U
.
However, using this definition one can find a quasi-metric space (X, d) which is leftK-sequentially complete but not
U
S
-complete. He support this claim by offering the following example [20, Example 2.4]: Let A be the family of all
countable subsets of the closed interval [0, 1
3
] and let for every A ∈ A and k ∈ N, X
A
k+1
= A ∪ { 1
2
, 3
4
, ..., 2
k
−1
2
k } and
X
A
∞
=
⋃
k≥1
X
A
k
.
Define
X
A
= {X
A
k
|k = 1, 2, ...,∞} and J = {
⋃
{X
A
|A ∈ A}.
Define d : J× J→ R by
d(X
A
k
, X
B
j
) = 1
2
j ifX
B
j
⊂ X
A
k
, k = 1, 2, ...,∞, j = 1, 2, ...,
.
d(X
A
k
, X
A
k
) = 0 and d(X
A
k
, X
B
j
) = 0 otherwise.
Stoltenberg proves that (J, d) is left K-sequentially complete and not d
S
-complete. To overcome the weaknesses of
this definition, in order to develop his theory of U
S
-completeness, he uses Definition 3.1. In order to prove his main
result of the construction of U
S
-completion he uses Theorem 2.5 which says that: A quasi-metric space (X, d) is
d
S
-complete if and only if every left K-Cauchy sequence in (X, d) converges with respect to τ
d
in X . On the other
hand, the notion of d
S
-completeness plays a central role in the constructed U
S
-completion, since this completion is
a subset of
∏
i∈I
(X̂
i
, d̂
i
) ((X̂
i
, d̂
i
) is the (di)S -completion of the T0 quasi-pseudometric space (Xi, di)). Gregori and
Ferrer [11], using Example 2.4 of [20] as a counter-example, showed that Stoltenberg’s result of Theorem 2.5, based
on his U
S
-Cauchy net ([20, Definition 2.1]), is not valid in general. In fact, the authors define a net Φ in (J, d) as
follows: Let D = N ∪ {a, b}, where N is the set of natural with the usual order and a, b /∈ N, a 6= b and a ≥ k and
b ≥ k for k ∈ N, a ≥ b, b ≥ a, a ≥ a and b ≥ b. Cleraly,D is a directed set. Then,
Φ(k) = X
A
k
for k ∈ N, Φ(a) = X
A
∞
, Φ(a) = X
B
∞
, where A,B ∈ A and A ⊂ B.
Then, Φ is a right d
S
-Cauchy net. Indeed, let 0 < ε < 1 and λ
0
∈ N be such that
1
2λ0
< ε. We have k ≤ a, k ≤ b,
k ≥ k0 λ0 ≤ a ≤ b and λ0 ≤ b ≤ a. The condition λ  k can hold for some k, λ ∈ I , k, λ ≥ k0 in the following
cases:
(a) k, λ ∈ N, k, λ ≥ k
0
, k > λ.
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(b) k = a, λ ∈ N, k, λ ≥ k
0
.
(c) k = a, λ ∈ N, k, λ ≥ k0 .
In the case (a), we have that X
A
λ
⊂ X
A
k and thus
d(Φ(k),Φ(λ)) = d(xAk , x
A
λ
) =
1
2λ
<
1
2
k
0
< ε.
In the case (b), we have that we have thatX
A
λ
⊂ X
A
∞ and thus
d(Φ(a),Φ(λ)) = d(xA∞, x
A
λ
) =
1
2λ
<
1
2
k
0
< ε.
The case (c) is similar to (c).
On the other hand, Φ is not convergent in (J, d). Indeed, letX ∈ J \X
B
∞. Then, for each k ∈ I , b ≥ k holds and thus
d(X,ϕ(b)) = d(X,X
B
∞) = 1.
It concludes that for each ε > 0, X
B
∞ /∈ B(X, ε) holds. Therefore, for any ε > 0 no final segment of Φ is contained
in B(X, ε) which implies that Φ does not converge to X . Similarly, if X = X
B
∞, then a ≥ k for each k ∈ I and
d(X
B
∞, X
A
∞) = 1.
ÎU˚ence the problem that arises here is that the net Φ, although non-convergent, is a U
S
-Cauchy net. At this point we
will look at Doitchinov’s view on this problem using another definition of cauchyness he used. More precisely:
Definition 4.5. (See [7, Definition, Page 129]). Let (X, d) be a quasi-pseudometric space. A sequence (xn)n∈N is
called Cauchy sequence if for every natural number k there are a y
k
∈ X and an Nk ∈ N such that d(yk, xn) <
1
k
when n > N
k
.
According to Doitchinov a non-formal objection to this definition of Cauchyness is illustrated by the following exam-
ple.
Example 4.3. (Sorgenfrey line). Let R be the real line equipped with the quasi-metric
d(x, y) =
{
y − x if x ≤ y,
1 if x > y.
For each x ∈ X , the collection {[x, x + r)|r > 0} form a local base at the point x for the topology generated by d in
X .
According to Doitchinov [7, Page 130]: The sequence (− 1
n
)n∈N, although nonconvergent, is a Cauchy sequence in
the sense of Definition 4.5. However, in view of the special character of the topology on the space (R,d), it seems very
inconvenient to regard this sequence as a potentially convergent one, i.e. as one that could be made convergent by
completing the space.
As we describe above, in order to avoid this unwanted phenomenon, Doitchinov has been introduced the D-
completeness (see Definition 4.2).
On the other hand, Gregori and Ferrer [11] also proposed a new definition of a right U
S
-Cauchy net, for which the
equivalence to sequential completeness holds (requirement (v)).
Definition 4.6. A net (xa)a∈A in a quasi-metric space (X, d) is called GF -Cauchy if one of the following conditions
holds:
(i) For every maximal element a∗ ∈ A the net (xa)a∈A converges to xa∗ ;
(ii) A has no maximal elements and (xa)a∈A converges inX ;
(iii) A has no maximal elements and (xa)a∈A satisfies Definition 2.1 of [20].
More recently Cobzas [5] has contributed new results in Stoltenberg’s completion theory. In order to avoid the short-
comings of the preorder relation, as, for instance, those put in evidence by Example of Gregori and Ferrer, he proposes
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a new definition of rightK-Cauchy net in a quasi-metric space for which the corresponding completeness is equivalent
to the sequential completeness.
Definition 4.7. A net (xa)a∈A in a quasi-metric space (X, d) is called strongly Stoltenberg-Cauchy if for every ǫ > 0
there exists aǫ ∈ A such that, for all a, β ≥ aǫ (β ≤ a∨ a ≁ b implies that d(xa, xβ ) < ǫ where a∨ a ≁ b means that
a, β are incomparable (that is, no one of the relations a ≤ β or β ≤ a holds).
It is interesting to see how U-Competion will become if we change the members of the classes of a U-cuts with Gregori
and Ferrer Cauchy nets or Cobzas Cauchy nets respectively.
References
[1] Andrikopoulos A., Completeness in quasi-uniform spaces, Acta Math. Hungar. 105 2004, no. 1-2, 151-173.
MR2093938 (2005f:54050)
[2] Andrikopoulos A., A solution to the completion problem for quasi-pseudometric spaces, Int. J. Math. Sci. 2013
2013, Article ID 278381, 12 pp
[3] Brümmer L., (1969), Initial quasi-uniformities, Nederl. Akad. Wetensch. Proc. Sero A 72 =Indag. Math. 31,
403-409.
[4] Carlson W., Hieks L., (1971), On eompleteness in quasi-uniform spaces, J. Math. Anal. Appl. 34, 618-627.
[5] Cobzas S., (2020), Completeness in Quasi-Pseudometric Spaces - A Survey,Mathematics, 8, 1279.
[6] Császár Á., (1960), Fondements de la Topologie Générale, Akademiai Kiadó, Budapest, Hungary, MR 22#4043.
[7] Doitchinov D., (1988), On completeness in quasi-metric spaces,Top.Appl., 30, no 2, 127-148. MR0967750
(90e:54068)
[8] Doitchinov D., (1991), A concept of completeness of quasi-uniform spaces, Topology Appl., 38, 205-217.
[9] Fletcher P., Lindgren W.,(1978), A construction of the pair completion of a quasi-uniform space, Canadian
Mathematical Bulletin, vol. 21, no. 1, pp. 53-59.
[10] Fletcher P., Lindgren W., (1978), Quasi-Uniform Spaces, vol. 77 of Lecture Notes in Pure and Applied Maths,
Marcel Dekker, New York, NY, USA.
[11] Gregori V., Ferrer J., (1984), A Note on R. Stoltenberg’s Completion Theory of Quasi?Uniform Spaces, Proc.
London Math. Soc., (3), 49, 36.
[12] Isbell J., (1961), Math. Rev. 22, 683.
[13] Kelly J., (1963), Bitopological spaces, Proc. London Math. Soc., 13, 71-89. MR0143169 (26 # 729)
[14] Mac Neille, (1937), Partially Ordered Sets,Trans. Amer. Math. Soc., 42, no. 3, 416-460, MR1501929.
[15] Munkres R. J., (1974), Topology; A first course, Prentice-Hall.
[16] Reilly I. L., (1973), Quasi-gauge spaces, J. London Math. Soc., 6 , 481-487.
[17] Reilly I. L., Subrahmanyam, P. V., Vamanamurthy M. V., (1982), Cauchy sequences in quasi-pseudometric
spaces,Monatsh. Math. Ann., 93, no 2, 127-140. MR0653103 (83f:54036)
[18] Salbany, S., (1974), Bitopologieal Spaees, Compaetifieations and Completions,Math. Monographs, No. 1, Dept.
Math. Univ. Cape Town.
[19] Sieber L., Pervin J., (1965), Completeness in quasi-uniform spaces,Math. Ann., 158, 79-81, MR 30#2449.
[20] Stoltenberg R., (1967), Some properties of quasi-uniform spaces, Proc. London Math. Soc., 17, no. 3 , 226-240.
MR0205222 (34 #5055)
[21] Willard S., General Topology, Dover, 2004
16
